Abstract
mathematical modeling, linear programming, simplex method, graphical method, Borland Delphi, TeX, e-learning This paper describes process of creation and use of "Graphical solution" program that was created as part of outputs that arose within FRVŠ 788/2008 grant. Program is intended for use of Economic mathematical methods students, mainly part-time form of study. Program is able to solve arbitrary linear programming problem with 2 structural varia bles and is intended mainly for educational purposes. In this paper will be described behavior and service of the program, input-output data format, program ability to make outputs and compatibility with other programs that arose within this grant. In the end of this paper will be mentioned basic information of program use by Economic mathematical methods students, obtained from University Information System MUAF.
MATERIALS AND METHODS
The graphical method of linear programming is used mainly as the educational method, from didactic reasons. With this method is it possible to solve only linear programming problems with 2 variables, but the main advantages of the method is, that it allows us clearly to show meaning of basic expressions used in mathematical modeling like a feasible solution, basic solution, optimal solution, etc. In the graphical solution there is also chance clearly to see important relations between those expressions and their real meaning. Those specifi cations can be generalized for larger problems (i.e. problems with more structural variables), that is impossible to solve graphically, but the relations and other requirements are remaining.
In the mathematical model there are two variables x 1 and x 2 . The mathematical model always contains 3 parts that are:
objective function, • system of constraints, • non-negativity constraints.
•
The non-negativity constraints occur in the model not due to the mathematic, but from pragmatic reasons.
All those three parts must be converted from mathematical model to graphical imaging.
Individual constraints represent marginal values that must be during solving of the problem re-spected. Mathematically, it is system of linear equations or inequations with one or more variables.
The objective function is function of one or two variables. Aim of the problem solving is to fi nd such x 1 and x 2 that would fi nd extreme value of objective function, i.e. maximum or minimum according to the type of the problem.
The non-negativity constraints defi ne area, where the area of feasibility will occur -it is in the fi rst quadrant. There will be found all feasible solutions. By adding of constraints the area of feasibility will be modifi ed. Individual constraints will be displayed as half-plains in case, that constraint is defi ned as inequation or lines in case that constraint is equation. The area of feasibility is displayed as intersection point of all the constraints including non-negativity constraints. It can be: empty set of solutions, • convex polyhedron, • unbound convex set.
In case that area of feasibility is empty it means that the problem is unsolvable, i.e. there is no such linear combination of x 1 and x 2 values, that satisfi es all the constraints include non-negativity constraints.
If the area of feasibility not empty, then is convex (polyhedron or unbound convex set), then we can fi nd there optimal solution. It will occur in one or more vertices within the area of feasibility (so called basic optimal solution), or the value of objective function is increasing (decreasing) without limitation. For determination, if LP problem:
has one or more basic optimal solutions, • has one basic optimal solution and non-basic op-• timal solutions, has no fi nal optimal solution, • it is needed to display the objective function.
One way to display the objective function is use of so called "streamlining vector". We may construct it in arbitrarily point. Direction of streamlining vector is determined by objective function coeffi cients c 1 and c 2 of variables x 1 and x 2 . If we construct normal to the streamlining vector, we obtain so called "isocost line". Each point of that line inside the area of feasibility satisfi es all the constraints and has same objective function value. The extreme value inside the area of feasibility will be then found as last intersection point(s) between such isocost line and area of feasibility. It can be:
one point -vertex of the feasibility area -then • the problem has 1 basic optimal solution, stroke -edge of the feasibility area -then the prob-• lem has 2 basic optimal solutions in vertices of the stroke and infi nitely many non-basic optimal solutions in all the remaining points of the stroke half-line -edge of unbound feasibility area -in • this case has LP problem 1 basic optimal solution in vertex of the half-line and infi nitely many nonbasic solutions in all the remaining points.
In case, that area of feasibility is unbound and streamlining vector direction is into such unbound area, then the LP problem does not have fi nal optimal solution, because there is no last intersection point between normal to the streamlining vector and area of feasibility proposed by Holoubek (2006) .
The objective function value of optimal solution we obtain by substituting of optimal solution coordinates into objective function.
RESULTS
For practicing of graphical solution of LP problem was made program, created in Borland Delphi, that allows to students solve given LP problem accordingly to way used in practices. During the creation process did authors inspired by some algorithms from Kadlec (2003) . Program allows to students in case of wrong calculation immediately fi nd the mistake, they are making, what may cause increase of study eff ectiveness. The program is able to work with integers and fractions.
Service of program
Work with the program is very simple. All needed control buttons are shown at fi g. 1. A er run of the program is needed to make following steps: constraint" panel, where is needed to put structural coeffi cients, relation and right-hand side of individual constraint into relevant cells of that panel. A er fi lling of those cells is needed to confi rm it with "Add constraint" button. That will cause adding relevant constraint into list of constraints in the right part of window (see on fi g. 1) and on canvas it will paint that constraint and repaint area of feasibility. Area of feasibility is highlighted with color and has changed by adding of this constraint. A er load of objective function and all the con-5. straints is on the canvas shown area of feasibility (empty set, bound or unbound convex set) and we may start fi nding of optimal solution there.
Next step is to press 6. button that will solve the LP problem and on canvas will paint streamlining vector with arrow and 3 normals to the streamlining vector. In case, that LP problem has optimal solution is the last normal highlighted and hits the area of feasibility in point(s), where the optimal solution occurs. It is the last intersection point of area of feasibility with normal to the streamlining vector. Optimal solution(s) set is highlighted and it may be point, stroke or half-line (in case that area of feasibility is empty streamlining vectors are not shown). At the same time will be written into canvas the verbal answer (see on fi g. 2).
Input/output
Each LP problem with 2 variables can be saved into fi le, respectively load from a fi le. −1 >= 0 In the problem above, fi rst two rows contain number of constraints and variables. In the fi rst row there is only text and will not be thereina er used. In the second row there are numbers 4 and 2, se para ted by tabulator. It means that LP problem has 4 constraints and 2 variables.
Next follows 2 rows with LP problem type and objective function coeffi cients. As in above, row with text will not be used and next row contains Z_MAX, i.e. maximization problem type and −1 and −3, what are objective function coeffi cients. In the following row there are beginning constraints. There is as above text in the square brackets followed by 4 rows (because there are 4 constraints in LP problem). Let's have a look at that row: fi rst number is x 1 structural coeffi cient, followed by x 2 structural coeffi cient. Then there is relation, that may be <=, = or >= type and the last part of each row contains limitation of the constraint (also called as right-hand side).
The main advantage of this fi le format is in universality and edit-ability. The data may be also edited manually. Another advantage is full two-way compatibility with Simplex method program, where is also possible to solve the given problem.
A er loading the LP problem is it possible to solve it.
Export of results
Solved LP problem is possible to export. This option is useful not only for students, but also for teachers that get mighty tool for preparation of educational materials -into practices, for self-study, exam and studying materials. Export is realized by right-clicking on canvas with graph (see fi g. 2) and choosing export option. Solved LP problem is possible to export as a bitmap or text. The whole LP problem is also possible to export into TeX (program generates TeX source code), what brings to users of program mighty tool for creation of studying materials. All the generated text is possible export to clipboard or save to fi le. During the creation of TeX generating procedures were used rules described in Rybička (2003) .
Program use in e-learning application of UIS
In this paragraph will be described use of the program in e-learning and will be mentioned also statistics of download and use of the program and its comparison to another programs included in elearning. The Economic mathematical methods course is edu ca ted in both semesters in present and part-time form of study. Let's have a look at statistics from summer semester of 2009 school year.
Within e-learning did students have 3 main programs: program for graphical solution of LP prob-lems, program for simplex method and program for transportation problems. Use of those 3 programs is in the table 1. Furthermore, they did have for each practice PDF slides with examples they will be done in the practice and practicing examples for in di vidual chapters. Now, let's compare use of the program globally and in comparison to another two programs. In summer semester 2009, EMM course had 295 students. From those 295 students at least once worked with e-learning 224, remaining 74 did not work. It means that with e-learning had worked 75 % of all EMM students of present and part-time form study.
In the present form subscribed EMM totally 212 students. From them, exactly 157 downloaded at least once program "Graphical solution", i.e. with the program has worked 74% of present form students. Approximately 2/3 of them has downloaded that program more than once, the remaining 1/3 exac tly once. The mean is 2.84 downloads (calculated from students, they have worked with program at least once). From the data above we know, that more than 50 % of all present form students did download the program more times. From those data indirectly results, that if students have tried the program, they also have used it (not only "tried"). Direct proof of program use is in evaluations, where some students comment e-learning support (and concrete those programs) as very good and also that some of students attended to mistakes of program. Those comments were accepted and programs errors were eliminated.
In the part-time form, the course had 77 students. From them program "Graphical solution" downloaded 68 student. From the fi rst point of view, it is a very good result, even better than in present form. But, there is one problem that disabled to make more accurate statistics for part-time form of study. E-learning course was accessible also for present form students they had consulting form of course. Because the information system cannot separate those two groups of students, are the statistics not available.
Regarding to number of e-learning users and feedback from students they successfully fi nished the course (from evaluations and interviews a er passing the exam) we can suppose, that decision to make e-learning support was the right way. From that reason, e-learning support is improved and extended within the course, and into another courses. The way, how to extend the e-learning support is through bachelor or diploma thesis or grants. 
DISCUSSION

SUMMARY
This article describes process of creation and experience with "Graphical solution" program designed for Economic-mathematical methods course and its use within e-learning. The fi rst part of this article describes methods of graphical solution of linear programming problems. The methods knowledge is important mainly because of correct program behavior, because the program is mainly used for educational purposes. There are analyzed cases, when the linear programming problem is solvable, when not and how can be this solution verifi ed. In case, that the LP problem is solvable, was described the way, how to fi nd the optimal solution (one or more, if it is possible to fi nd the optimal solution). Next part of that article describes the "Graphical solution" program. Process of program creation and used algorithms are not described. In this article is described program service and behavior. Program itself is able to solve arbitrary LP problem with two structural variables. Requirements on input data are to be integers or fractions. There is described, how to add (or subtract) individual constraints and how adding or subtracting of constraint will change the feasibility area, how to set objective function type, its coeffi cients and its loading. Description follows with solving of the problem and answer dump. Next part of the article describes input/output data format. The data format was made with respect to easy readability and edit-ability also off the main program. The data format are text fi le, single data are in the rows, separated with tabulators. Data format is both-way compatible with "Simplex method", i.e. arbitrary LP problem solvable graphically is possible to solve with "Simplex method" program, conversely 1 . The program results are possible to export, so that were further usable in study or education. It is possible to export the problem, respectively problem solution as a bitmap or in the TeX source code. Both possibilities are possible to save into clipboard or into fi le. The last part describes use of the program within e-learning. Because the program was part of eLearning syllabus within UIS MUAF, the authors did have access into statistics of use of the program. There is described number of students subscribed in EMM course, number of program users and comparison to another programs, build in the grant. E-learning support creation was supported by FRVŠ 788/2008 grant.
